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Abstract
In a previous paper we classified complete stationary surfaces (i.e. spacelike
surfaces with zero mean curvature) in 4-dimensional Lorentz space R41 which are
algebraic and with total Gaussian curvature − ∫ KdM = 4π. Here we go on with
the study of such surfaces with − ∫ KdM = 6π. It is shown in this paper that the
topological type of such a surface must be a Mo¨bius strip. On the other hand, new
examples with a single good singular end are shown to exist.
Keywords: stationary surface, least total curvature, singular end, non-orientable
surfaces, Mo¨bius strip
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1 Introduction
In a previous paper [2] we have generalized the classical theory of minimal surfaces in
R
3 to zero mean curvature spacelike surfaces in 4-dimensional Lorentz space. Such
an immersed surface x : M → R41 is called a stationary surface.
Based on this general theory, in [5] we classified those algebraic ones with least
possible total (Gaussian) curvature − ∫ KdM = 4π. This extends a classical result
of Osserman that a complete minimal surface in R3 with total curvature 4π is either
the catenoid or the Enneper surface [8].
Another work in [5] is that we generalized the theory of non-orientable minimal
surfaces in R3 [6, 7, 3, 4] to our setting. This is done by the same idea, namely,
lifting everything to the oriented double covering surface M˜ .
Compared with minimal surfaces in R3, a major difference is that stationary
surfaces in R41 with finite total curvature may fail to be algebraic [2]. By this term
algebraic, we mean that the Weierstrass data, or equivalently, the vector-valued
holomorphic differential xzdz, extend to meromorphic functions or forms defined on
a compact Riemann surface. Nevertheless, finite total curvature still implies finite
topology. So in this paper we assume that the double covering M˜ has genus g, and
the open surface M is homomorphic to a closed non-orientable surface (with Euler
characteristic 1− g) punctured at r points (the ends).
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By Gauss-Bonnet type formulas established in [2], we know that complete alge-
braic stationary surfaces with − ∫ KdM = 6π must be non-orientable. On the other
hand, we obtained a lower bound in [5] for any g ≥ 0 as below:
−
∫
M
KdM ≥ 2π(g + 3). (1)
Thus it is natural to study complete, algebraic, non-orientable stationary surfaces
with total curvature 6π, which is the least possible value.
By (1) and the generalized Jorge-Meeks formula (see Theorem 2.7), we know
such surface M must be homomorphic to a projective plane with one or two ends.
Meeks have obtained
Known results in R3 [6]: There is a unique complete, immersed minimal
surface with total curvature − ∫ KdM = 6π, which is now called Meeks’ Mo¨bius
strip. In particular, the topological type of a projective plane with two punctures
does not occur.
New examples appear in R41. We have constructed complete stationary Mo¨bius
strips with total curvature 6π in [5]. Among them, one family is a generalization
of Meeks and Olivaira’s examples; another family has an essential singularity at the
end. We will review the descriptions of them in Section 3.
Besides that, we are still interested to know other possible examples in R41.
Can the topological type of a projective plane with two punctures be realized as
a stationary surface in R41? On the other hand, besides Meeks’ example and its
deformations as mentioned above, does there exist new type of stationary Mo¨bius
strips? These two questions are answered at here.
Conclusion 1: There exists a family of complete, immersed stationary Mo¨bius
strips in R41 with a good singular end and total curvature −
∫
M
KdM = 6π.
Recall that an end is called singular end if the two Gauss maps satisfy φ = ψ¯.
Please see Definition 2.4 in Section 2, or [2] for detailed explanation. This is a special
phenomenon which never occur for minimal surfaces in R3. In particular, the total
curvature integral converges around such an end if, and only if, these two functions
take the same value with different multiplicities. This case we call it a good singular
end.
Conclusion 2: There does not exist examples with − ∫ KdM = 6π and homo-
morphic to the projective plane punctured at two points.
A noteworthy observation (Lemma 4.1) is that the flux at any end of a stationary
Mo¨bius strip (with several punctures) must vanish. It is interesting to know whether
this is true for any other non-orientable stationary surface.
This paper is organized as follows. In Section 2 we review the Weierstrass rep-
resentation and Gauss-Bonnet type formulas. The examples with a good singular
end are shown to exist in Section 3, together with a discussion of other possible
examples. The non-existence of topological type of the projective plane punctured
at two points is contained in Section 3, where we rule out it case by case.
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2 Preliminary
Let x : M2 → R41 be an oriented complete spacelike surface in 4-dimensional Lorentz
space. The Lorentz inner product 〈·, ·〉 is given by
〈x,x〉 = x21 + x22 + x23 − x24.
We will briefly review the basic facts and global results established in [2] about such
surfaces with zero mean curvature (called stationary surfaces).
Let ds2 = e2ω |dz|2 be the induced Riemannian metric on M with respect to a
local complex coordinate z = u+ iv. Hence
〈xz,xz〉 = 0, 〈xz,xz¯〉 = 1
2
e2ω.
The Weierstrass-type representation of stationary surface x : M → R41 is given by
[2]:
x = 2 Re
∫ (
φ+ ψ,−i(φ − ψ), 1− φψ, 1 + φψ
)
dh (2)
in terms of two meromorphic functions φ,ψ and a holomorphic 1-form dh locally.
We call φ,ψ the Gauss maps of x and dh the height differential as in R3. Indeed,
{φ, ψ¯} correspond to the two lightlike normal directions at each point of x(M).
Remark 2.1. When φ ≡ ∓1/ψ, by (2) we recover the Weierstrass representation
formula for a minimal surface in R3, or a maximal surface in R31. When φ or
ψ is constant, we get a zero mean curvature spacelike surface in the 3-space R30 ,
{(x1, x2, x3, x3) ∈ R41} with an induced degenerate inner product, which is essentially
the graph of a harmonic function x3 = f(x1, x2) on complex plane C = {x1 + ix2}.
From now on we always assume that neither of φ,ψ is a constant unless it is stated
otherwise, because in this degenerate case the induced metric is always flat and the
total curvature is 0.
Remark 2.2. A Lorentz orthogonal transformations of R41 induce a Mo¨bius transfor-
mation on S2, or equivalently, a fractional linear transformation on CP 1 = C∪{∞}
given by A =
(
a b
c d
)
with a, b, c, d ∈ C, ad − bc = 1. The Gauss maps φ,ψ and the
height differential dh transform as below:
φ⇒ aφ+ b
cφ+ d
, ψ ⇒ a¯ψ + b¯
c¯ψ + d¯
, dh⇒ (cφ + d)(c¯ψ + d¯)dh . (3)
This is used to normalize the representation of examples.
Theorem 2.3. [2] Given holomorphic 1-form dh and meromorphic functions φ,ψ :
M → C ∪ {∞} globally defined on a Riemann surface M . Suppose they satisfy the
regularity condition 1),2) and period conditions 3) as below:
1) φ 6= ψ¯ on M and their poles do not coincide;
2) The zeros of dh coincide with the poles of φ or ψ with the same order;
3) Along any closed path the periods satisfy∮
γ
φdh = −
∮
γ
ψdh, (horizontal period condition) (4)
Re
∮
γ
dh = Re
∮
γ
φψdh = 0. (vertical period condition) (5)
Then (2) defines a stationary surface x : M → R41.
Conversely, any stationary surface x : M → R41 can be represented as (2) in
terms of such φ, ψ and dh over a (necessarily non-compact) Riemann surface M .
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The structure equations and the integrability conditions are given in [2]. An
important formula gives the total Gaussian and normal curvature:∫
M
(−K + iK⊥)dM = 2i
∫
M
φzψ¯z¯
(φ− ψ¯)2dz ∧ dz¯. (6)
At one end p with φ = ψ¯, the integral of total curvature above will become an im-
proper integral. A crucial observation in [2] is that this improper integral converges
absolutely only for a special class of such ends.
Definition 2.4. Suppose x : D−{0} → R41 is an annular end of a regular stationary
surface (with boundary) whose Gauss maps φ and ψ extend to meromorphic functions
on the unit disk D ⊂ C. It is called a regular end when
φ(0) 6= ψ¯(0). (Thus φ(z) 6= ψ¯(z), ∀ z ∈ D.)
It is a singular end if φ(0) = ψ¯(0) where the value could be finite or ∞.
When the multiplicities of φ and ψ¯ at z = 0 are equal, we call z = 0 a bad
singular end. Otherwise it is a good singular end.
Proposition 2.5. [2] A singular end of a stationary surface x : D − {0} → R41 is
good if and only if the curvature integral (6) converges absolutely around this end.
For a good singular end we introduced the following definition of its index.
Definition 2.6. [2] Suppose p is an isolated zero of φ− ψ¯ in p’s neighborhood Dp,
where holomorphic functions φ and ψ take the value φ(p) = ψ(p) with multiplicity
m and n, respectively. The index of φ− ψ¯ at p (when φ,ψ are both holomorphic at
p) is
indp(φ− ψ¯) , 1
2πi
∮
∂Dp
d ln(φ− ψ¯) =
{
m, m < n;
−n, m > n. (7)
The absolute index of φ− ψ¯ at p is
ind+p (φ− ψ¯) ,
∣∣indp(φ− ψ¯)∣∣ . (8)
For a regular end our index is still meaningful with ind = ind+ = 0. For convenience
we also introduce
ind1,0,
1
2
(ind++ ind), ind0,1,
1
2
(ind+− ind), (9)
which are always non-negative.
A stationary surface in R41 is called an algebraic stationary surface if there exists
a compact Riemann surface M with M = M\{p1, p2, · · · , pr} such that xzdz is a
vector valued meromorphic form defined on M . For this surface class, we have index
formulas, and the Jorge-Meeks formula [1] is generalized as below.
Theorem 2.7. [2] For a complete algebraic stationary surface x : M → R41 given
by (2) in terms of φ,ψ,dh without bad singular ends, the total Gaussian curvature
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and total normal curvature are related with the indices at the ends pj (singular or
regular) by the following formulas:∫
M
KdM = −4π
(
deg φ−
∑
j ind
1,0(φ− ψ¯)
)
(10)
= −4π
(
degψ −
∑
jind
0,1(φ− ψ¯)
)
, (11)
= 2π
2− 2g − r − r∑
j=1
d˜j
 , (12)
where g is the genus of the compact Riemann surface M , r is the number of ends,
M ∼=M\{p1, · · · , pr}, and d˜j is the multiplicity of pj defined to be
d˜j = dj − ind+pj ,
where dj + 1 is equal to the order of the pole of xzdz at pj.
Proposition 2.8. [2] Let x : D − {0} → R41 be a regular or a good singular end
which is further assumed to be complete at z = 0. Then its multiplicity satisfies
d˜ ≥ 1.
For a non-orientable stationary surface in R41, consider its oriented double cover-
ing surface. This allows us to describe it using Weierstrass representation formula.
Indeed this is a direct generalization of Meeks’ result in [6].
Theorem 2.9. [5] Let M˜ be a Riemann surface with an anti-holomorphic involution
I : M˜ → M˜ (i.e., a conformal automorphism of M˜ reversing the orientation) without
fixed points. Let {φ,ψ,dh} be a set of Weierstrass data on M˜ such that
φ ◦ I = ψ¯, ψ ◦ I = φ¯, I∗dh = dh, (13)
which satisfy the regularity and period conditions as well. Then they determine a
non-orientable stationary surface
M = M˜/{id, I} → R41
by the Weierstrass representation formula (2).
Conversely, any non-orientable stationary surface x : M → R41 could be con-
structed in this way.
3 Existence result
Before stating our existence result, we first make an analysis of possible examples
with − ∫ KdM = 6π. By the generalized Jorge-Meeks formula,
−
∫
M
KdM = 6π = 2π
(
g + r − 1 +
r∑
j=1
d˜j
)
.
Thus g + r +
∑r
j=1 d˜j = 4. The lower bound estimation (1) has ruled out the
possibility of g ≥ 1. So g = 0, and we are left with two cases: one end with
multiplicity d˜ = 3, or two ends with multiplicities d˜1 = d˜2 = 1.
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In the first case where M is a Mo¨bius strip, we have Meeks’ example and its
generalization, whose unique end is regular. It was unknown to us during the work
of [5] whether there exist more examples with regular ends or good singular ends.
In the proposition below, we not only confirm the existence of more examples,
but also construct the first non-orientable stationary surface with a good singular
end.
Proposition 3.1. There exists a one-parameter family of complete, immersed, sta-
tionary Mo¨bius strip in R41 with a good singular end and −
∫
KdM = 6π.
Proof. Let the oriented double covering surface be M˜ = C\{0} with two good sin-
gular ends 0,∞, and the orientation reversing involution without fixed points be
I : z 7→ −1/z¯.
Without loss of generality, suppose the good singular end z = 0 has ind = m
and both φ,ψ take the value 0. Then φ(0) = 0 with multiplicity m, ψ(0) = 0 with
multiplicity greater than m. On the other hand, the index formula together with
− ∫
M
KdM = 6π implies deg φ = m+3. Thus the meromorphic φ over the Riemann
sphere must take the form
φ(z) =
zm(b3z
3 + b2z
2 + b1z + b0)
am+3zm+3 + · · ·+ a1z + a0 ,
and
ψ(z) = φ(−1/z¯) = −b¯3 + b¯2z − b¯1z
2 + b¯0z
3
(−1)m+3a¯m+3 + · · · + a¯0zm+3 .
Since ψ(0) = 0, we know b3 = 0. Since deg φ = m + 3, there must be am+3 6= 0.
Finally, ψ(0) = 0 with a multiplicity at most 3, so m = 1 or 2.
If there exists an example as above with m = 2, then ψ(0) = 0 with multiplicity
3, thus b1 = b2 = b3 = 0. b0 has to be nonzero, and one may assume b0 = 1 without
loss of generality. As the consequence of deg φ = m+ 3 = 5, we obtain
φ(z) =
z2
a5z5 + · · ·+ a1z + a0 , ψ(z) =
z3
−a¯5 + · · ·+ a¯0z5 .
Since dh is holomorphic on M˜ = C\{0}, and I∗dh = dh, up to a real non-zero
constant it takes the form
dh = i
(a5z
5 + · · ·+ a1z + a0)(−a¯5 + · · · + a¯0z5)
z6
dz.
But φψdh = idz
z
has residue −2π, which violates the (vertical) period condition.
Thus the possible example with a good singular end must have ind0 = m = 1
and deg φ = 4. ψ(0) = 0 with a multiplicity at least 2, so b3 = b2 = 0. Now we may
write
φ(z) =
z(b1z + b0)
a4z4 + · · ·+ a1z + a0 , ψ(z) =
−b¯1z2 + b¯0z3
a¯4 + · · · + a¯0z4 . (14)
By the similar reason as in the paragraph above, up to a real factor we have
dh = i
(a4z
4 + · · ·+ a1z + a0)(a¯4 + · · ·+ a¯0z4)
z5
dz. (15)
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Taking integral along a simple closed path around z = 0. The period conditions
imply
Re
∮
dh = 0 ⇒ |a4|2 − |a3|2 + |a2|2 − |a1|2 + |a0|2 = 0, (16)
Re
∮
φψdh = 0 ⇒ |b1|2 − |b0|2 = 0, (17)∮
φdh+
∮
ψdh = 0 ⇒ b1a¯2 − b0a¯1 = 0. (18)
Now we choose the parameters
b0 = −1, b1 = 1, a1 = a2 = 0, a0 =
√
2ǫ+ ǫ2, a3 = 1 + ǫ, a4 = 1, (19)
which satisfy the period conditions (16)(17)(18). We need only to verify that φ(z) 6=
ψ¯(z) for the corresponding functions given by (14) and parameters chosen above.
We assert that when ǫ ∈ R is a sufficiently small positive number,
φ(z) = ψ¯(z) = φ(−1/z¯)
has no solutions except the trivial ones z = 0 (and z = ∞). Otherwise, suppose
there is a non-zero solution z0 = re
iθ ∈ C\{0} with radial r > 0 and argument θ
such that
φ(z0) = φ(−1/z¯0) = t
for some complex value t. (Note that when z0 6= 0, t must be nonzero. Otherwise
there is no such solution z0.) Invoking (14)(19), we may rewrite
φ(z) = t ⇔ z4 + (1 + ǫ)z3 − 1
t
(z2 − z) +
√
2ǫ+ ǫ2 = 0, (20)
which have two roots z0,−1/z¯0 and other two z1, z2. By Vie`ta’s formula,
z0 − 1
z¯0
+ z1 + z2 = −(1 + ǫ), (21)
−z0
z¯0
+ z1z2 + (z0 − 1
z¯0
)(z1 + z2) = −1
t
, (22)
−z0
z¯0
(z1 + z2) + z1z2(z0 − 1
z¯0
) = −1
t
, (23)
−z0
z¯0
· z1z2 =
√
2ǫ+ ǫ2. (24)
Express z1 + z2 and z1z2 in terms of z0,− 1z¯0 using (21)(24). Since z0 = reiθ, −
z0
z¯0
=
−e2iθ, z0− 1z¯0 = (r− 1r )eiθ. Substitute these into (22)(23) and eliminate 1t . Collecting
terms we get
0 = e2iθ
[
(r − 1
r
)2 + 2(r − 1
r
) cos θ + 2
]
+ǫ · eiθ(r − 1
r
+ eiθ)−
√
2ǫ+ ǫ2e−iθ(r − 1
r
− e−iθ)
= e2iθ(|w|2 + 1) + ǫ · eiθw −
√
2ǫ+ ǫ2e−iθ(w − 2 cos θ)
with w = r − 1
r
+ eiθ. Because (|w|2 + 1)/(|w| + 1) has a positive lower bound, it is
easy to see that when ǫ is small enough the equality could not hold true for any r
and θ. This verifies φ(z) 6= ψ¯(z) for any z 6= 0 and finishes the proof.
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Remark 3.2. An interesting observation is that when ǫ = 0, the Gauss maps and
the height differential given by (14)(15) degenerate to
φ =
z − 1
z2(z + 1)
= −1/ψ, dh = i(z + 1)(z − 1)
z2
dz,
which are exactly the Weierstrass data of Meeks’ Mo¨bius strip in R3 [6] (up to a
change of coordinate), which satisfies the regularity condition φ 6= ψ¯ obviously. This
also provides an example of a family of stationary surfaces with a good singular end
which having its limit as a regular end of a stationary surface.
In the end of this section, we briefly give the description of the known examples
with − ∫ KdM = 6π.
Example 3.3 (Generalization in R41 of Meeks’ minimal Mo¨bius strip [5]). This is
defined on M˜ = C\{0} with involution I : z → −1/z¯, and the Weierstrass data be
φ =
z − λ
z − λ¯ · z
2m, ψ =
1 + λ¯z
1 + λz
· 1
z2m
, dh = i
(z − λ¯)(1 + λz)
z2
dz, (25)
where λ is a complex parameter satisfing λ 6= ±1, |λ| = 1, and the integer m ≥ 1.
When m = 1 we have a one-parameter family of examples with total curvature 6π .
When λ = ±i we have φ = −1/ψ, and the example above is equivalent to
Oliveira’s examples in R3 [7]. (Meeks’ example [6] corresponds to the case m =
1, λ = i.)
It is not difficult to imagine that Meeks’ example in R3 allows a larger family
of deformations depending on more parameters, and the moduli space has a higher
dimension. The rough idea behind this belief is that the regularity condition φ 6= ψ¯
is an open property of the parameter space. Yet we are not interested in deciding
this moduli space, even the dimension.
Below is another interesting family with an essential singularity in their Weier-
strass data at the end.
Example 3.4 (stationary Mo¨bius strips with essential singularities and finite total
curvature [5]).
φ = z2p−1e
1
2
(z− 1
z
), ψ =
−1
z2p−1
e
1
2
(z− 1
z
), dh = d e−
1
2
(z− 1
z
). (p ∈ Z≥2) (26)
These are complete immersed stationary Mo¨bius strip with finite total curvature
−
∫
M
KdM = 2(2p − 1)π,
∫
M
K⊥dM = 0.
In particular, when p = 2 we have an example with total Gaussian curvature 6π.
4 Non-existence of examples with two ends
This part is devoted to the most involved proof of our conclusion 2 that the topo-
logical type of the projective plane with two punctures never occur. We make an
interesting observation at the beginning.
Lemma 4.1. Let x : M → R41 be an algebraic stationary surface which is homo-
morphic to a Mo¨bius strip with several punctures. Then its period at any end must
vanish.
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Proof. Without loss of generality, let M˜ = C\{0, c,−1/c¯, · · · } be the oriented double
covering of M = M˜/{I, id} with orientation-reversing involution I(z) = −1/z¯, and
z = 0 corresponds to the end in concern.
By assumption, xzdz is a vector-valued meromorphic 1-form globally defined on
C ∪ {∞}. So it can has a unique partial fraction decomposition. Because z = 0 is
a pole of xzdz, this sum contains the term v1
dz
z
. The period condition shows that
v1 ∈ R41 is a real vector.
On the other hand, Theorem 2.9 implies that this vector-valued 1-form, or equiv-
alently, the sum of these partial fractions, satisfies
I∗(xzdz) = xzdz.
Since I(z) = −1/z¯, by comparing the coefficients of the term dz¯/z¯ at both sides, we
see v1 = −v1. So the period vector v1 must vanish.
Remark 4.2. We do not know whether our result still holds true for non-oriented
stationary surfaces in R41 with higher genus. Note that the proof above relies on three
facts: the existence of the global coordinate z, the explicit form of I : z → −1/z¯,
and the expression of a meromorphic function as a sum of partial fractions. All of
them depend on the assumption that the compactification of the oriented double
covering is the Riemann sphere.
To show the non-existence of complete, immersed stationary surfaces with total
curvature − ∫ KdM = 6π and two ends, we use proof by contradiction. Suppose
there is such one x : M → R41. Then it must be non-oriented, whose double covering
space M˜ is the 2-sphere punctured at two pairs of antipodal points (which must
be located on a unique circle). The antipodal map could be represented by the
involution I : z → −1/z¯ on the Riemann sphere C∪{∞}, and the circle corresponds
to the real line on C. Thus the four punctures may be chosen to be {0,∞; c,−1/c}
and the parameter c ∈ R− {0}.
Proposition 4.3. There exists no complete, immersed stationary surface x :M →
R
4
1 with total curvature −
∫
KdM = 6π and two regular ends.
Proof. On the orientable double covering space M˜ = C\{0, c,−1/c}, xzdz has a
pole of order 2 without residue at each regular end 0,∞, c,−1/c. As a vector-valued
rational function, xz has a decomposition into rational fractions as below
xz =
1
z2
v1 + v¯1 +
1
(z − c)2u1 +
1
(cz + 1)2
u¯1
according to the restriction xzdz = I
∗(xzdz).
As a well-known consequence of the conformal condition, v1,u1 ∈ C41 are both
isotropic vectors, and the assumption of regular ends implies that the real and
imaginary parts of v1,u1 must be spacelike vectors orthogonal to each other with
equal length. The conformal condition further implies
0 =
1
2
xz · xz = v1u1
z2(z − c)2 +
v1u¯1
z2(cz + 1)2
+
u1u¯1
(z − c)2(cz + 1)2
+
v1v¯1
z2
+
v¯1u1
(z − c)2 +
v¯1u¯1
(cz + 1)2
. (27)
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Here terms like v1u1 are inner products between (complex) vectors. Because
1
z2(z − c)2 =
1
c2
[
1
z2
+
1
(z − c)2
]
+
2
c3
[
1
z
− 1
z − c
]
, (28)
1
z2(cz + 1)2
=
1
z2
+
c2
(cz + 1)2
− 2c
z
+
2c2
cz + 1
, (29)
1
(z − c)2(cz + 1)2 =
1
(1 + c2)2
1
(z − c)2 +
c2
(1 + c2)2
1
(cz + 1)2
− 2c
(1 + c2)3
1
z − c +
2c2
(1 + c2)3
1
cz + 1
, (30)
the vanishing of the coefficients of the terms like 1
z
, 1
z−c , · · · , 1(cz+1)2 in (27) yields
v1u1 · 2
c3
− 2cv1u¯1 = 0,
v1u1 · −2
c3
+ |u1|2 · −2c
(1 + c2)3
= 0,
v1u¯1 · 2c2 + |u1|2 · 2c
2
(1 + c2)3
= 0,
v1u1 · 1
c2
+ v1u¯1 + |v1|2 = 0,
v¯1u1 + v1u1 · 1
c2
+ |u1|2 · 1
(1 + c2)2
= 0,
v¯1u¯1 + v1u¯1 · c2 + |u1|2 · c
2
(1 + c2)2
= 0.
Without loss of generality, let v1 = (1, i, 0, 0)
t and |v1|2 = 2. Then the equations
above must have solution
|v1|2 = 2, |u1|2 = 2(1 + c2)2, v1u1 = −2c
4
1 + c2
, v1u¯1 =
−2
1 + c2
.
Let u1 = (α1+iβ1, · · · , α4+iβ4)t where αj , βj ∈ R. Then the equations above imply
β1 = α2 = 0, α1 =
−(1 + c4)
1 + c2
, β2 =
c4 − 1
1 + c2
= c2 − 1. (31)
Finally, the real and imaginary part of u1 must be orthogonal to each other with
the same length 1 + c2, i.e.,
(α3)
2 − (α4)2 = (1 + c2)2 − (α1)2, (β3)2 − (β4)2 = (1 + c2)2 − (β2)2, (32)
and
α3β3 = α4β4. (33)
From (31), |α1|, |β2| < 1 + c2, so (32) implies |α3| > |α4|, |β3| > |β4|. But in this
situation (33) will never be true. This contradiction finishes our proof.
To treat examples with good singular ends, we need the following lemma which
gives a normalized Laurent expansion of xz.
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Lemma 4.4. On a complete, algebraic stationary surface x : M → R41, suppose
there is a local complex coordinate z with a good singular end at z = 0 which has
d˜ = 1, ind = m ≥ 1, and the flux vector is zero (i.e., it has even no imaginary period
at this end). Then the vector-valued meromorphic function xz has a Laurent series
around z = 0 as below:
xz =
(
m∑
k=1
αk+2
zk+2
)
v0 +
1
z2
v1 +O(1), (34)
where αm+2 6= 0, v0 ∈ R41 is a non-zero lightlike vector, v1 ∈ C41 is an isotropic
vector, and v0,Re(v1), Im(v1) span a degenerate 3-dimensional subspace.
Proof. Without loss of generality we may suppose the Gauss maps φ(0) = ψ(0) = 0.
The end z = 0 has multiplicity d = m + d˜ = m + 1. As a consequence, xzdz must
have a pole of order m + 2, which is the same as dh. One need only to verify the
conclusion with respect to a specific coordinate z, which we choose to make
dh =
dz
zm+2
, φ(z) = amz
m+am+1z
m+1+ o(|z|m+1), φ(z) = bm+1zm+1+ o(|z|m+1).
Then by the Weierstrass representation formula we have
xzdz = (φ+ ψ,−i(φ− ψ), 1 − φψ, 1 + φψ)dh
=
dz
zm+2

0
0
1
1
+ dzz2

am
−iam
0
0
+ dzz

am+1 + bm+1
−i(am+1 − bm+1)
0
0
+O(1).
As we assumed, the coefficient vector of the term dz
z
must vanish, and the conclusion
follows immediately.
After these preparation, we deal with the second case.
Proposition 4.5. There exists no complete, immersed stationary surface x :M →
R
4
1 with total curvature −
∫
KdM = 6π and two good singular ends.
Proof. As before we consider the orientable double covering M˜ = C\{0, c,−1/c}
with involution I : z → −1/z¯ where each end has d˜ = 1. Here z is the global
coordinate on C.
Without loss of generality, assume that at the pair of ends z = 0,∞ we have
φ(0) = ψ(0) = 0, and z = 0 has index ind = m ≥ 1. z = c,−1/c is another pair of
singular ends with ind = n ≥ 1. As a vector-valued rational function, by Lemma 4.1
and Lemma 4.4 xz has a decomposition as below:
xz =
m∑
k=1
(αk+2
zk+2
+ (−z)kα¯k+2
)
v0 +
1
z2
v1 + v¯1
+
n∑
j=1
(
βj+2
(z − c)j+2 +
β¯j+2(−z)j
(cz + 1)j+2
)
u0 +
1
(z − c)2u1 +
1
(cz + 1)2
u¯1. (35)
where we have used the condition xzdz = I
∗(xzdz). Notice that the 3-space
V 3 = Span{v0,Re(v1), Im(v1)} = {v0}⊥
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and
U3 = Span{u0,Re(u1), Im(u1)} = {u0}⊥.
are both degenerate 3-spaces isometric to R30.
We claim v0 is not parallel to u0. Otherwise, v0 will be orthogonal to all of
v0,v1, v¯1,u1, u¯1, and < x,v0 > is a harmonic function defined on the whole compact
Riemann surface. This implies < x,v0 > is a constant; in other words, our surface
is located in an affine 3-space orthogonal to v0. Such a surface has flat metric and
total curvature 0, which is a contradiction.
For this reason, we may suppose
v0 =

0
0
1
1
 , u0 =

0
0
−1
1
 , ⇒ V 3 ∩ U3 = {v0,u0}⊥ = {

a
b
0
0
 | ∀ a, b ∈ R} .
Without loss of generality we suppose v1 is a linear combination of v0 and w =
(1, i, 0, 0)t , and u1 a linear combination of u0 and w. This allows us to rewrite
xz =
m∑
k=0
(αk+2
zk+2
+ (−z)kα¯k+2
)
v0 +
γ
z2
w + γ¯w¯
+
n∑
j=0
(
βj+2
(z − c)j+2 +
β¯j+2(−z)j
(cz + 1)j+2
)
u0 +
δ
(z − c)2w +
δ¯
(cz + 1)2
w¯.
The conformal condition implies
0 =
1
2
xz · xz =
m∑
k=0
(αk+2
zk+2
+ (−z)kα¯k+2
)
·
n∑
j=0
(
βj+2
(z − c)j+2 +
β¯j+2(−z)j
(cz + 1)j+2
)
v0u0
+
γδ¯
z2(cz + 1)2
|w|2 + δγ¯
(z − c)2 |w|
2.
Since αm+2 6= 0,v0u0 = −2, the first term has a pole of order m+ 2 ≥ 3 at z = 0,
which could not be canceled by the second and the third term. This contradiction
finishes the proof.
Theorem 4.6. There exists no complete, immersed stationary surface x : M → R41
with total curvature − ∫ KdM = 6π and two ends.
Proof. According to the previous discussion, now we need only to rule out the final
possibility of one regular end and one good singular end. Suppose there is such an
example, which lifts to a stationary immersion x : M˜ → R41 with the orientable
double covering
M˜ = C\{0, c,−1/c}, I : z → −1/z¯.
Suppose z = 0 is a singular end with ind0 = m ≥ 1. Let z = c,−1/c be the regular
ends with c 6= 0, c ∈ R. Similar to (35), we have the following decomposition
xz =
m∑
k=1
(αk+2
zk+2
+ (−z)kα¯k+2
)
v0 +
1
z2
v1 + v¯1 +
1
(z − c)2u1 +
1
(cz + 1)2
u¯1 (36)
where v0 is real and lightlike, and v1,u1 are complex isotropic vectors.
We assert: 1) c = ±1; 2) m = 1.
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Using the conformal condition xz ·xz = 0 and comparing the coefficients of terms
involving 1/zm+2, we get
v0u1 +
1
c2
v0u¯1 = 0.
If c 6= ±1, then the equation above together with its complex conjugation yields
v0u1 = v0u¯1 = 0. Thus xzdz ·v0 ≡ 0. By maximal principle for harmonic functions,
xmaps the surface into 3-space {v0}⊥ (up to a translation). This is impossible. Thus
we may take c = 1.
To verify the second assertion, suppose on the contrary we have m ≥ 2. Then
the terms like 1/z2(z ± 1)2, 1/z2(z ± 1) will not influence the coefficients of 1/zm+2
and 1/zm+1 when computing xz · xz = 0. Because
1
zm+2(z ∓ 1)2 =
1
zm+2
± 2
zm+1
+ · · · , 1
zm+1(z ∓ 1)2 =
1
zm+1
+ · · · ,
the vanishing of the term 1/zm+2 implies v0u1+v0u¯1 = 0, and the vanishing of the
term 1/zm+2 implies v0u1−v0u¯1 = 0. Again this induces v0u1 = 0 and xzdz·v0 ≡ 0,
which is not allowed. This shows m = 1.
Without loss of generality we may suppose the non-zero coefficient am+2 = a3
is unit, and up to a rotation z → eiθ we make it to be 1 (note that this change of
coordinate will not influence anything, including the explicit form of I(z) = −1/z¯).
Now we can rewrite (36) as
xz =
(
1
z3
− z
)
v0 +
1
z2
v1 + v¯1 +
1
(z − 1)2u1 +
1
(z + 1)2
u¯1. (37)
The conformal condition reads
0 =
1
2
xz · xz =
(
1
z3
− z
)
v0u1
(z − 1)2 +
(
1
z3
− z
)
v0u¯1
(z + 1)2
+
v1v¯1
z2
+
u1u¯1
(z2 − 1)2
+
v1u1
z2(z − 1)2 +
v1u¯1
z2(z + 1)2
+
v¯1u1
(z − 1)2 +
v¯1u¯1
(z + 1)2
. (38)
Because (
1
z3
− z
)
1
(z − 1)2 =
1
z3
+
2
z2
+
3
z
− 4
z − 1 ,(
1
z3
− z
)
1
(z + 1)2
=
1
z3
− 2
z2
+
3
z
− 4
z + 1
,
together with (28), (29), (30) when c = 1, we obtain the following equations from
(38) by comparing coefficients of the corresponding terms:
1
z3
: v0u1 + v0u¯1 = 0,
1
z − 1 : −4v0u1 − 2v1u1 −
1
4
u1u¯1 = 0,
1
z + 1
: −4v0u¯1 + 2v1u¯1 + 1
4
u1u¯1 = 0,
1
(z − 1)2 : v1u1 + v¯1u1 +
1
4
u1u¯1 = 0,
1
(z + 1)2
: v1u¯1 + v¯1u¯1 +
1
4
u1u¯1 = 0,
1
z2
: 2(v0u1 − v0u¯1) + v1u1 + v1u¯1 + v1v¯1 = 0,
1
z
: 3(v0u1 + v0u¯1) + 2(v1u1 − v1u¯1) = 0.
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As the consequence, we get
Re(u1) ⊥ v0, Im(u1) ⊥ Re(v1), Im(v1),
2Im(u1)v0 +Re(u1)Im(v1) = 0, (39)
Re(u1)Re(v1) = −1
2
|v1|2 = −1
8
|u1|2.
Without loss of generality, we can always assume
v0 =

0
0
1
1
 , v1 =

1
−i
0
0
 , u1 =

a1 + b1i
a2 + b2i
a3 + b3i
a4 + b4i
 .
Then the conformal condition (39) implies
a3 = a4, b1 = b2 = 0, 2(b3 − b4)− a2 = 0, a1 = −1, |u1|2 = 8.
Together with the isotropic condition u1u1 = 0, we have
1 + 4(b3 − b4)2 = 4 = (b3)2 − (b4)2, a3(b3 − b4) = 0.
Thus a3 = 0, a2 =
√
3 and
b3 =
4√
3
+
√
3
4
, b4 =
4√
3
−
√
3
4
. (40)
Substitute these solutions back to (37) and one gets
xz =
(
1
z3
− z
)
0
0
1
1
+ 1z2

1
−i
0
0
+

1
i
0
0
+ 1(z − 1)2

−1√
3
b3i
b4i
+ 1(z + 1)2

−1√
3
−b3i
−b4i
 . (41)
Compare this with the Weierstrass representation formula, we obtain
dh =
(
1
z3
− z + 16i√
3
z
(z2 − 1)2
)
dz, φψdh =
−√3i · z
(z2 − 1)2 dz, (42)
φdh =
(
1
z2
+
ω
(z − 1)2 +
ω
(z + 1)2
)
dz, ψdh =
(
1 +
ω2
(z − 1)2 +
ω2
(z + 1)2
)
dz,
where ω = −1+
√
3i
2 is the third unit root. From this we deduce the Gauss maps are
φ =
φψdh
ψdh
=
−√3i · z
(z2 − 1)2 + 2ω2(z2 + 1) , ψ =
φψdh
φdh
=
−√3i · z3
(z2 − 1)2 + 2ω2z2(z2 + 1) .
(43)
Note that degφ = degψ = 4 as we desired according to our assumptions and the
index formula.
Finally we have to verify φ(z) 6= ψ¯(z) for any z 6= 0, which is the only reg-
ularity condition need to verify. (By the expression of xz we know the ends are
z = 0,∞, c,−1/c, and there is no usual branch points.) But in the end we will see
this is not true.
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To solve this problem, as in Section 3, suppose
∃1
t
∈ C\{0}, s.t. φ(z) = ψ¯(z) = φ(−1
z¯
).
Note that φ(z) = 1
t
is indeed a fourth order algebraic equation
(z2 − 1)2 + 2ω2(z2 + 1)−
√
3itz = z4 − (3 +
√
3i)z2 −
√
3itz −
√
3i = 0. (44)
The existence of non-trivial singular points is now equivalent to the existence of two
roots z0,−1/z¯0 (and other two z1, z2) for the polynomial above. By Vie`ta’s formula,
z0 − 1
z¯0
+ z1 + z2 = 0, (45)
−z0
z¯0
+ z1z2 + (z0 − 1
z¯0
)(z1 + z2) = −(3 +
√
3i), (46)
−z0
z¯0
(z1 + z2) + z1z2(z0 − 1
z¯0
) =
√
3it, (47)
−z0
z¯0
· z1z2 = −
√
3i. (48)
Express z1 + z2 and z1z2 in terms of z0,− 1z¯0 using (45)(48). Since z0 = reiθ, −
z0
z¯0
=
−e2iθ, z0 − 1z¯0 = (r − 1r )eiθ. Substitute these into (46). We obtain
−e2iθ +
√
3ie−2iθ − (r − 1
r
)2e2iθ = −(3 +
√
3i)
Comparing the real and imaginary parts separately, one finds
r2 − 1 + 1
r2
−
√
3 sin 4θ − 3 cos 2θ −
√
3 sin 2θ = 0, (49)
√
3 sin 2θ = cos 4θ + cos 2θ. (50)
Let λ = cos 2θ. Then (50) implies λ must satisfy
±
√
3
√
1− λ2 = 2λ2 + λ− 1. (51)
It is easy to see that this amounts to find the intersection points of an ellipse and
a parabola. Drawing graphs of both functions shows that there exists a solution to
(51) such that 1/2 < λ0 < 1. Next we insert (50) into (49) and find
r2 +
1
r2
= 2λ(2λ2 + 2λ+ 1). (52)
When λ = λ0 ∈ (12 , 1), since the right hand side is greater than 2, there is positive
solution r0 to the equation (52). This shows the only possible example as given by
(41) (or equivalently, by (42)(43)) violates the regularity condition. This completes
the proof of the non-existence result.
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